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SEDiMENTATION IN THE ULTRACENTRlFUGE AND DIFFUSION OF 

MACROMOLECULES CARRYING ELECTRICAL CHARGES 

Hemyk EISENBERG 
Polymer Department. The Weizmann Institute of Science, Rehovot. Israel 

The cakuhtion of Alexandrowic7, and Daniel of the charge effect in the sedimentation of macromoleties carrying clec- 
triul charges was reformulated by introducing buoyant molecular weights and concentrations of electroneutral components 
only (rather than those of the ionized species) in the tinA equations. Some interesting limiting czses are discussed. A similar 
c&xlation was performed for the case of isothermal diffusion. It is also shown how the present discussion relates to more 
dabonte treatments of the sedimentation and diffusion of potyelectrolytes by the methods of irreversible thermodynamicr. 

1. Introduction 

An earfy detailed theoretical attempt to characterize 
sedimentation of systems of charged macromolecules 
is due to Pedersen [I] . He observes that if charged ma- 
cromolecules are sedimented in the ultracentrifuge, the 
higher sedimentation tendency of the macromolecules, 
as contrasted to that of the slower sedimenting coun- 
terions, resuhs in a microscopic separation of charge 
between the bottom of the cell and the macromolecu- 
lar boundary. This separation establishes an electric 
field E = d$/dr in the intervening column of solution, 
which slows down the macromolecular ion and speeds 
up the counterions (IJ is the potential and r is the dis- 
tance from the center of rotation). Both ions move 
with equal intermediate velocity. This is crlled the 
primary charge effect. In diffusion, on the other hand, 
the small counterions diffuse faster than the large ma- 
croions and pull the latter after them. Thus, whereas 
in sedimentation the charge effect slows down the 
large ions (as opposed to an equivalent non-charged 
particle) in diffusion the contrary is observed. We shall 
see below that 2 much debated point concerns the 
question whether or not the primary charge effect van- 
isheaat infinite dilution of macromolecules. 

With increasing concentration of simple salt the 
charges on the macromolecules are screened, the sedi- 
mentation coefficient increases and the diffusion coef- 
Ecient decreases. This is known as the primmy salt ef- 

feet. Do these coefficients ever approach the values for 
uncharged macromolecules when simple salt concentra- 
tion increases “to infinity”? We must distinguish here 
between almost rigid (globular or multihelical) unde- 
formable macromolecules, and (mostly chain-like) ma- 
cromolecules whose conformations are sensibly affected 
by ionic strength. In the first case one might indeed ap- 
proach (by extrapolation to high ionic strength) the 
sedimentation and diffusion coeffkients of the un- 
charged species - in the second case we are faced with 
an inextrimble mixture of charge and conformation ef- 
fects. 

The secondary salt effect arises from unequal mo- 
bilities and sedimentation coefficients of the ions of 
the simple electrolyte in mixed polyelectrolyte-elec- 
trolyte solutions. It is less fundamental and can be min- 
imized cr-eliminated by choosing a supporting electro- 
lyte such as NaCl, for instance, in which both cation 
and anion have nearly identical sedimentation coeffi- 
cients* . 

Although the charge effects in the sedimentation and 
diffusion of multicomponent polyelectrolyte systems 

* Sometimes though the specific nature of an experiment may 
preclude such a choice (consider a sedimentation study in a 
density gradient for instance. in which CsCl has been used 
for considerations relating to the formation of the density 
pdient) and in such an instznce the secondary salt effect 
must be taken into consideration in the interpretation of the 
experimental re-sults. 
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have been extensively investigated both on theoretical 
and on experimental grounds in the last two decades, 
the problem cannot be considered solved in a satisfac- 
tory way. Transport properties in these complex sys- 
tems have not been treated with the rigor with which 
the equilibrium properties have been interpreted_ A 
simple question for instance which has not been an- 
swered in unequivocal terms, refers to the more limited 
problem whether combination of the sedimentation 
and diffusion coefficients (in the manner in which 
this is undertaken for binary systems in the Svedberg 
equation) leads to a well defined vafue for the molecu- 
lar weight, at all macromolecular concentrations, or 
only in the limit of infinite dilution. 

Pedersen [l ] calculated the effect by which the 
sedimentation of the macromolecular species is retarded 
by the electrostatic field set up between the meniscus 
and the bottom of the uhracentrifuge cell (under non- 
equilibrium conditions) by the unequal mobilities of 
the ions constituting the various electroneutral com- 
ponents. Electroneutrality requires the ions to move 
together (in electroneutral combinations) and there- 
fore no net current flows in the ultracentrifuge cell*. 
Pedersen explicitly introduced the electrophoretic mo- 
bilities of the ions to account for the retardation of the 
macroion in the electrostatic field associated with the 
sedimentation velocity experiment of charged species, 
but apparently could account only for part of the ef- 
fect. Alexandrowicz and Daniel [4,5] argued that be- 
cause of electrostatic interactions between the macro- 
ions and the small counterions the retardation effect 
becomes smaller still, yet the failure of Pedersen to ac- 
count for the retardation effect is attributed to the 
fact that introduction of explicit electrophoretic mo- 
bilities is not justified in velocity sedimentation. Thus, 

whereas in electrophoresis the two oppositely charged 
ions move in opposite directions, in sedimentation mo- 
tion of both ions is directed by *&e buoyancy and the 
direction of the field. Alexandrowicz and Daniel elim- 
inate the actual mobilities from the equations of mo- 
tion_ 

A more systematic approach that deals with the 

l Under conditions of sedimentation equilibrium readjustment 
of the concentrations of the solutes leads to ranishing of the 
electrostatic potential [21_ Sedimentation equiiiirium Can 
therefore be considered e?cclusively for the electroneutral 
components without reference to the electrostatic field [3]. 

combined problem of sedimentation and diffusion of 
charged species uses the methods of irreversible ther- 
modynamics. A rather formidable analysis by this ap- 
proach is due to Mijnlieff and Overbeek [6] and 
Mijnlieff [7] ; we owe Mijnlieff [8] a comprehensible 

summary of this work. More recently Varoqui and 
Schmitt [9] have reformulated this problem in simpler 
terms and have also calculated friction coefficients of 
charged species for the rod-like polyelectrolyte model. 
The earlier authors [ 1,4] claim that charge effects due 
to the (in principle measurable) electrostatic potential 
between the meniscus and bottom of the ultracentri- 
fuge cell disappears at vanishing concentration of the 
sedimenting charged species. Varoqui and Schmitt, on 
the other hand, calculate the effect of charge on the 
friction coefticients, which persists at all reasonable 
dihrtions at which measurements with polyelectrolyte 
systems have meaning. This limiting charge effect was 
not considered by Pedersen, who assumed that at “in- 
finite” dilution the counterions to the macroion are 
spread over the whole volume of solution, and was ab- 
sorbed by Alexandrowicz and Daniel into an “effective 
charge” parameter. Unfortunately, many problems re- 
main. Frictional coefficients depend both on the radius 
of the ionic atmosphere and on the shape of the ma- 
croion coils (cf. Nagasawa and Eguchi [IO] ) and macro- 
molecules of perfectly well known and well defined 
rigid shape are not readily available. We must also con- 
sider the problem of the coupling between tire motion 
of the macroion and the ions composing the atmosphere, 
for which no complete solution has been provided. in 
sedimentation the motion of the sedimenting species 
is at zero concentration gradient. The macroion sedi- 
ments because of its large size; the counterions in the 
atmosphere are much smaller and would not be 

“dragged” along were it not for the electroneutrality 
requirement. If the coupling between macroion and 
atmosphere is tight, then the frictional resistance of 
the ions in the atmosphere must be considered 
(Alexandrowicz and Daniel assumed that the “bound” 
counterions do not contribute to the frictional resis- 

tance at all). On the other hand, in the case of less tight 
coupling we can visualize the macroion as moving 
through the homogeneous solution, leaving some of its 
counterions behind and picking up the complement re- 
quired for electroneutrality from the macroions sedi- 
menting from the slice of solution just ahead in the 
field. Reduced contribution to the frictional resistance 
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by the counterions would be expected in this case_ In 
diffusion the analysis classically considers a process oc- 
curring in a concentration gradient, yet diffusion also 

occurs, and is measurable, in homogeneous solution. 
Another difficulty concerns the evaluation of the hy- 
drodynamic properties of macromolecular coils with 
excluded volume and the extent to which these coils 
are freely draining or shield the motion of small ions 
or solvent molecules; for space filling globular macro- 
molecuIes, hydrodynamic undertainties may arise from 
the odd shape of the protein, for instance, or ill defined 
hydration layers. 

The difficulties enumerated above need not lead to 
an abandonment of the use of sedimentation and dif- 
tision for the characterization of ckrged species. At 
high enough concentrations of salt, the radius K-$H of 
the Debye-Huckel ionic atmosphere is small when 
compared to the dimensions of the bulky macromole- 
cules, and with judicious choice of simple salt systems 
(to avoid secondary charge phenomena) the effects of 
charge in sedimentation and diffusion may be reduced 
to a small contribution. The quantitative discussion to 
follow should be helpful towards the design of critical 
experimental procedures. 

2. Reformulation of the Alexandrawicz-Daniel calcw 
lation 

Following the basic concept of Svedberg and Pedersen 
[1 l] , Alexandrowicz and Daniel (451 “regard the ac- 
tual velocity TV of each ion in sedimentation as com- 
posed of two virtual velocities, namely a sedimenta- 
tion velocity whichwould be obtained under the iso- 
lated action of the external centrifugal field w’r (w 
is the angular velocity) and an electrophoretic veloci- 
ty which would be obtained under the isolated action 
of the internally created field d$/dr [ IL]_ The hypo- 
thetical velocities are expressed in their explicit form 
as forces divided by frictions, and not as electrophoretic 
mobilities, as was proposed by Pedersen. For the sys- 
tem water (component I), PX, (component 2), XY 
(component 3), where P is a Z-valent negative ion, X 
and Y are positive counter- and negative co-ions, re- 
spectively, 

(1) 

(2) 

(3) 

zj+f$l - i7ip), Kf; %$+(l -i)Z&, 

i is an effective charge parameter (0 G i 4 1) which may 
at this point be considered as a formal device and need 
not be defined precisely presently; fp, fx and fu are 
the frictiona; coefficients pet mole of the ionic species 
P’, X and Yt ; the I%$ are molecular weights and the U,. 
partial specific volumes of the ionic_species, and p is 
the density of the solvent mediumTf_ 

Eqs. (1) to (3) are modified by multiplying both 
sides of the equations for up, vx and vy by the corre- 
sponding charge and concentrations Cj (in moles of 
ions per liter), i.e., by -iZeCp, eC_y and -eCy , respec- 

tively. The sum of the left-hand sides of these modified 
equations yields 

eC,u, - eCvvv - iZeCPvp 50, (4) 

because of the assumption of zero current flow. From 
the sum of the right-hand side of these equations we 
find (electroneutrality is observed at all points, Cx = 
C, C iZC,) 

for d$/&; this expression for d$/dr is now substituted 
into eq. (1) and the sedimentation coefficient 

SP = “picJr 

evaluated_ We also introduce the buoyant molecular 
weights ard the concentrations Of tire electroneutrai 

species 

t These frictional coefficients represent the average frictional 
resistance of P*. X and Y with respect to the solvent mk- 
ture; proper frictional cross-coefficient between the various 
species in solution will be considered in the formulation of 
the problem by the methods of irreversible thermodynamics- 

tf We assume the process of the formation of the hypothetimI 
species Aft to occur without change of voIume. 

245 
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is2 =$ +izn& =M,(l-U*p> 

M3 =iifx +& =M+-iQ), 

Mu = M2/Z, Mu = ti2/Z, 

c, = cp = q/z. c3 = cy, 

to find 

Eq. (6), which is significantly different from the ex- 
pressions derived by Alexandrowicz and Daniel, as- 

sumes some interesting and simple limiting forms.; 
Consider first the case fls = 0 discussed by 

Ziccardi and Schumaker [I21 ; this case arises if the 
component 3 is chosen such that (l-ii3p) effectively 
vanishes. Tetramethyl-amonium chloride is suggested 

[121 for this purpose. If A3 vanishes then the denom- 
inator of eq. (6) becomes unity and the expression re- 

duces to 

Upon extrapolation to vanishing concentration C, 
(equivalents of charged groups per titer) the limiting 
value of the sedimentation coefficient is given in terms 
of the properties of the macromolecular component 

only. 
To determine the limiting value SF of sP, as Cu van- 

ishes, in the general case, we develop eq. (6) exactly 
through the linear term in C,, to give 

* In all the derivations presented here. the classic4 non-ionic 
concentration dependence [ 191 of rp of the form (l-kc), 
has been disregarded. 

*’ We disagree with the limiting form of sp obtained by 
Akxandrowicz and Daniel who find s”p = ,pdfP, where r$ 
= (l-L$p) is the buoyant weght of the charged specks, 

rather than the buoyant weight of neutral components only, 
2s found here 

1 -= fp - 
SP fY 

-1 

li_iz-zliT3 lx-- 
( ) fx I 

ClI i2fy miPlfx +- 
C3 fi- 

1- 

l%FU 1+- -LJi& 
( ) fx 1 0 1 

fL iii72 I-+- -i&i& 
fx 

We need not worry about the complicated form of 
the term linear in C,, . The interesting term is the limit- 
ing value of s$ which assumes an even more significant 
form when component 3 is chosen such that fu =fx 
= fx y and the secondary charge effect disappears. 
We then obtain from eq. (8) 

1 fP -= + 
SF iV&LzH3 

We recall that i was introduced at the beginning of 
this discussion as a nonspecified effective charge pa- 

rameter. The only other assumption in this calcula- 
tion was that of zero net current and electroneutral- 

ity. If i/2 here be identified [31 with the thermody- 
namic Donnan distribution coefficient I’ then, after 

some elementary transformations [3], the following 
extremely interesting result is obtained for sop, 

o_ fi2- 
SP - 

r”3=5 ap 

fP ( ) fP ac2 Ir* 

where r= (am3/dm,), and (aplacz)P is the density 
increment, both at constant chemical potential p of 
components diffusible through a semipermeable mem- 
brane (m3 and rn2 = mu/Z are the molalities of com- 

ponents 3 and 2, respectively)_ This result is identical 
with an equation previously derived [ 131 for non- 
ionic systems by the methods of irreversible thermo- 
dynamics, on the assumption that the total chemical 
potential of component 3 is uniform over the whole 
centrifuge cell_* + 

The equivalence of nonequivalence of the. formal 
parameter i from various transport experiments (sedi- 

mentation, diffusion, conductance and electrophoresis) 
and its identification with the quantity derived from 

equilibrium studies should be submitted to further ex- 

perimental scrutiny. 
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From eq. (9) we learn that the concentration de- 
pendence of sP (due to charge effects) diminishes with 
increasing C, _ On the other hand iz (or r2) may signif- 
icantly increase with increasing C’, (cf. Cohen and 
Eisenberg 1141 for the behavior of mixed DNA-sim- 
ple salt solutions) and sp may therefore actuaUy de- 
crease with increasing C3; additional changes of sP 
may be due to changes in the value of the frictional 
coefficient fp (resulting from changes in molecular 
size and shape) under these conditions. 

A further test of eq. (6) concerns the salt-free case 
when C, gaes to zero. We derive the classical result 

(11) 

which indicates that in this case the frictional resis- 
tance of the macromolecular component is the sum 
of the frictional resktance fp of the polyion and Z 
times the frictional resistance of the counterions; sp 

in this case, as is weU known, is rather low. The meas- 
urement of the sedimentation (as well as diffusion) 
coefficient in salt-free polyelectrolyte solutions is ex- 
tremely precarious because of boundary instabilities 
and errors due to convection. It is also extremely dif- 
ficult to render a polyetectrolyte solution completely 
salt-free. Some of these difficulties have been pointed 
out by Auer and Alexandrowicz (151 in their study of 
the sedimentation, diffusion and osmotic pressure of 
sodium DNA in salt-free solutions and by Nagasawa 
and Fujita [16] who investigated the diffusion of poly- 
styrene-sulfonic acid and its sodium salt in the ab- 
sence of added salt. 

We now consider the problem of isotherma diffu- 
sion for the same system PXz, XY discussed above. 
For this process we write for the velocities ui of the 
ionic species [in analogy to eq. (1) to (3)] 

(12) 

(13) 

(14) 

As before, we multiply eqs. (12) to (14) by -ZeCP, 
eCx and -KY respectively, sum, and set the sum of 
the left-hand-side terms equal to zero; we also intro- 

duce etectroneutrality, Ck = CY + ZCp. The effective 
charge parameter i in diffusion could conceivably be 
different from the parameter used in velocity sedimen- 
tation, but we are not concerned with this aspect now. 

Performing these operations we find 

e!!t 
dr 

We introduce d$/dr from the above expression into 
eq. (12) for vP, consider 

dp2=d@iZdpx, 

and 

“cc3 =dpX +tiy, 

and evaluate using eqs. (12) and (15) 

D, = - uP(d In CJdr)-*_ 

The result is (CP E C,. C, E C3) 

D= 
I 

2 fp@ h C, IW 

06) 

For the purpose of practical evaluation we may 

now consider the special condition, already discussed, 
that in the mixed polyetectrolyte simple salt system 
r_c3 is constant and dp3/dr vanishes.* If we introduce 
this condition into eq. (16) we obtain 

1 @2 i2Z2 C 

D;d~=fpf 
2 

(f~l+fql)cj +zfg’cz’ 
(17) 

where 

1 +2 d Iv2 
- - = 1 f-= 1 t24$u2C2 f... , 
RT dhrC2 dlnC2 

l It is advisable to perform the clas.sicA diffusion experiment 
across a phase boundary consisting of a polyelectrolyte solu- 
tion in dialysis quihibrium with the solution of the rimpIe 
salt 
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Deviations from ideal behavior are expressed in terms 
of either the activity coefficienty2 or the second 
vi&i coefficient A2. At vanishing concentration C2 

0: = RT&. 08) 

if the frictional coefficient & is identical for diffusion 
and sedimentation it may be eliminated between 
eqs (18) and (10) to yield an equation analogous to 
the Svedbarg equation for two component systems. 

In the salt-free case C, = 0 and eq. (16) reduces to 
1 dul 

09) 

which is a well known result for salt-free polyelectro- 
lyte solutions and may be considered in conjunction 
with eq. (11) for the sedimentation coefficient; at 
vanishing concentration C, the Svedberg equation is 
recovered. 

3. Sedimentation and diffusion coefficients of 
polyelectrolytes by the methods of irreversible 
thermodynamics 

We first consider the system PX,, XY in the terms 
of the three flowsJt J’ P, Y 2nd fk, taken with respect 
to the solvent, component 1, in terms of the gradients 
of the total chemical potentials (including gravita- 
tional and electrical terms) of the ionic species, &, 
jiy and fix; it is convenient to use flows, forces, con- 
centrations and electrical charges per mole 

- J 4 = L,,grad & f Lpy grad Cry f LPx grad fix, 

- J$ = Lypgrad & i-L Wgrad & f LyXgrad fix, 

- J 4 = LXpgrad firp f Lxy grad & f Lxx grad fix. 

(20~ 
The dissipation function Q, which is equal to the en- 
tropy production times T is [17,18] 

Q = - Ji grad &, - J: grad & - Ji grad Gx. (21) 
With these definitions the system is weIi determin- 

ed, the phenomenoIogica1 coeffkients satisfy the 
Onsager reciprocal relations (Lik = L& and we there- 
fore have six independent coefficients. Fluxes with 
respect to the solvent are not usually measurable and 
it is therefore preferable to transform these fluxes to 
a more convenient reference frame. We choose the 
frame fried with respect to the local ce‘rter of volume 

which [ 191 moves with a velocity uv 

.y= +Qc,, (22) 

where uk is the velocity of species k with respect to 
the frame fried to the cell, the rk are partia1 nolal 
volumes, and the summation is over all species. The 
flows Jl with respect to the center of volume frame 
are related to the flows J, (relative to the cell) by 

Jr = C,(u, - u[) = Jk - C’&, (23) 

and, with use of eq. (22) 

Jkv=Jk-Ck Chid- (24) 
I 

Substitution of Jk = C’(v, - ul) into eq. (24) demon- 
strates that we also have 

i 
WI 

where the summation now does not include the sol- 
vent (Ji = 0); the last equation will be used in our 
transformation of flows in this section. 

We now transform eqs. (20) to three alternate flows: 
f;, f: and totat electrical current Jel (which we wilt 
eventually set equal to zero); subsequently we wii1 
ako assume the mean volume velocity to be zero for 
Iow concentrations of solutes or if the partial molar 
volumes do not depend on concentrations [20,2 11 
and the totat volume flow is zero. Wnder these condi- 
tions J[ wiil be approximated by .Tk_ 

The matrix M rransforming the old flows of eq. 
(20) to the new flows is (cf. eq. (25) for the flows of 
matter) 

I-cpvp 

l%f= -cyv, 

:: 

-cpvy -cpFx 

I-C, vy -cyv, 9 

-1 

(26) 

-UT -7 9 

where v is the number of charges per macromolecule, 
Tthe Faraday electrochemical equivalents, and the 
new flows are 

J~=(l-CP~~)J;-CP~yJ; -C,i?,Ji, 

J,“=-C,~~J~+(l-C,~~)J:-Cy~~~~, 

fe, = 3‘(-uJp - Ju f J,). (27) 



To obtain the new forces X, associated with these which is the Form used by Varoqui and Schmitt [9]_ 
fluxes we take into account the invariance of the dis- Caution has to be exercised with respect to this sim- 

sipation function when expressed in either the new plification because, whereas the case of vanishing con- 

forces-fluxes system or in the originat system. The centration Cz is often realized, the concentration Cs 

general relation behveen forces satisfying this require- of the added simple salt may be quite high in a given 

ment is given by [ 18) experimental situation. 

x 
IICW = - (Al-‘) XOrd. (28) 

where A@-’ is the transpose of the inverse of the ma- 
trix hi defined in eq. (26). The new forces XP, X, 
and Xc1 associated to JF, Jg and J;, are written ex- 
plicitly as functions of the grad &‘s 

With the newty defined flows and forces we may 
write the phenomenofogical equations 

J2 = &X2 f L23X3 f L,X,p 

f3 = L32X2 +L33X3 + L3&4. 

Jet = &2X2 +-&3x, f L&Q,. Pl) 

We next apply the condition of zero current 
(Jel =0) and substitute the electrical force Xc, in J2 
and J3 to obtain the final system of phenomenological 
euqations for the transport of electraneutral compo- 
nents grad PX 

Xel=-- - 
vX 

3r 
-= (C2 grad fi2 * C3 grad fi3 1. 

x1 v, (29) 
Since grad fi2 and grad fi3 correspond to the total 
chemical potential of the electroneutral salt (no elec- 
trical forces are involved in grad fi3 and grad fit) and 
onIy quantities corresponding to electroneutral com- 
ponents appear in XP and X,, we may identify 

J,v = JF, X2”&, 

and 

Jr = Jr, x, EX,. 

Eqs. (29) for the X, are identical with the equations 
for the set of forces x, $ and Q of Mijnlieff and 
Overbeek [6] and Mijnlieff [7]. In their procedure, cf. 
Mijnlieff [8] eq. (3) for instance, the total potential rJi 

is split into terms depending on concentration, pres- 
sure and ultracentrifugal and electrostatic fields, re- 
spectively. 

For our further deliberations we approximate the 
flows Jky by the experimental flows Jk with respect 
to a fame of reference ftied to the cell and aIs~ note 
that, at;ow concen_trations of solutes (l-Cam.), 
( l-C3 V3) and C.,V, ate close to unity and the terms 
in C, and C’, vanish. Under these conditions the forc- 
es of eqs. (29) assume the simple forms 

X,=-grad&. X, =--grad&. 

X,, = -grad &/7, (30) 

f, = 42x2 + p23x3. 

where the coefficients 

J3 = p32X2 f 233x3. 

(32) 

_Q 22 =L22 - L:2/L,. -J&3 = L23 - L,&&,, - 

(33) 

Both the Li,- and the _Q satisfy the Onsager relations 

and the system at zero current is therefore defined by 
three phenomenological coefficients only. A fundamen- 
tal discussion of flow processes of ionic species and 

neutral components in electrolyte solutions in the 

ultracentrifuge has been given by Fujita [ 191. 
Varoqui and Schmitt relate the phenomenological 

coefficients from eqs. (32) and (33) to frictiona CO- 

efficients by the formulation of Spiegler [32] - In a 

quasLstati3nary state the applied forces acting on a 
particle at constant speed are opposed by all frictional 
forces exerted on the particle by the surrounding 
medium, the total force acting on the particle being 
equal to zero. For particle P, for instance 

grad &, = Fpx + Fpy + Fpl. (34) 

The frictional force Fii refers to the interaction of one 
mole of particle i with all particles i in its vicinity. 
From this definition one derives the relationship 

Ci Fii = Ci Fii _ (35) 

The frictional force is proportional to the relative 
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velocities of particles i and j 

Fii = -~j (Vi - pi). (36) 

rij is the interparticle friction coefficient and Ui and 
ui are the meat time averaged velocities of i andj; if 
the flows are referred relative to the solvent (ul =0), 
the following equations are obtained 

- grad c(p =fpx(np --r& ffp~(up-uy) +fptup, 

(37) 
Eqs. (37) are solved for the velocities Vi, these are 
multiplied by the concentrations Ci to give the macro- 
scopic fluxes Ji and a set of equations similar to eqs. 

(20) is obtained. By identification, Varoqui and 
Schmitt obtain the relationship between the phenom- 
enological and the friction coefficients. They derive 

two limiting cases. For excess salt and vanishing 
polymer concentration 

c3 9 c2, 

$22 = 
c2 c2 

fpl + (C3/C2)(fypffxp)=fp1 +fpy +fpx’ 

C3Cfyp+fxp) - DC2fXl 

q3 = (fy~ +fx1)tfpl+ (c3/c2>Uyp+fXp)I 

CZ(fpY *fix - “fx 1) 

= try 1 +&I) (fi1 *fpy +fpx) - 

(38) 

The second form of the phenomenological coeffi- 
cients is obtained by the use of eqs. (35) and (36). 

For the case of zero salt 

c,=o, L? = c2 
2 fpl+vfxl’ 

Jz==o. 

For sedimentation in a centrifugal field we write [23] 
s2 in terms of the Onsager coefficients of eq. (38) and 
obtain 

which is identical with the limiting form of eq_ (8) if 
the interparticle frictionsfpx and ft,v (not considered 
in the previous derivation) are set equal to zero and 

only the particle-solvent frictions fpt, flLl and fxl 
are considered (v = Z). 

For the case of zero salt we fmd 

c3 =o, s2 =&/(fpt f @Xl). (41) 

which is identical with eq_ (I I). A similar correspon- 

dence with the previously derived equations applies 
for the expressions for the diffusion coefficients. 

Is it possible to evaluate the interparticie frictions 
fpx and fpu and to evaluate their relative importance 
with respect to fpl? In principle they are measurable 
by way of the measurement of self-diffusion coeffi- 
cients of small ions with the help of radioactive tracer 
ions. Varaqui and Schmitt [9], for instance, obtain 

o;c = RTiCfxy *fx i +fxx>l 

ox = W/(fxp ‘fxy ‘&I “fxx), (42) 

where Dk and Dx are the self-diffusion coefficients 

at a given salt concentration in the absence and in the 

presence of the polyeIectrolyte component, respec- 
tively_ It is assumed that the values of fxy, fx; and 
/xx are unaffected by the addition of the polyelectro- 
lyte. A similar expression is obtained for Di and Dy. 
On the basis of these relations we have 

fxp = W-I&) (DjLPx - 11, 

fyp = @T/D;) #G’y - I)- (43) 

In the absence of salt the counter-ion mobility may be 
determined with accuracy even at low polyelectrolyte 
concentrations_ In the presence of excess salt DG/Dy 
and L$/Dx become close to unity as C, decreases 
and therefore the limiting coefficients fw and fyp 
cannot be determined with any accuracy and no such 
results are available. 
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